E. J. Kontoghiorghes EXN420/EXN430 1

/ Matrix Algebra & Statistics \
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1. VARIANCE, SUM OF SQUARES AND CROSS
PRODUCTS
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3. MATRIX FACTORIZATIONS

4. EIGENVALUES AND EIGENVECTORS

5. KRONECKER PRODUCTS

6. RANDOM VECTOR AND MATRICES

7. PRINCIPAL COMPONENTANALYSIS

In economic modelling and as well in business, most
problems are linear, or approximated by linear models.
Such problems are solved by matrix methods. Thus, the
@Ilabus on matrices is essential to these fields. /
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/ Variance, Sum of squares and Cross Products \

The objective is to account for, or explain, the variation
In the data. Variance is the most commonly used
measure of dispersion in the data and it is directly
proportional to the amount of variation or information ii
the data. The data below gives two financial ratis,
andXy, for 12 hypothetical companies.

—

Original Mean-Corrected Standardize

Data Data Data
Firm X1 Xo X1 X2 X1 X2
1 13 4 7.92 3.83 162 1.11
2 10 6 4.92 583 1.01 1.69
3 10 2 4.92 1.83 1.01 0.53
4 8 -2 2.92 -2.17 0.60 -0.63
5 4 4 1.92 3.83 039 1.11
6 6 -3 0.92 -3.17 0.19 -0.92
7 5 O -0.08 -0.17 -0.02 -0.05
8 4 2 -1.08 1.83 -0.22 0.53
9 2 -1 -3.08 -1.17 -0.63 -0.34
10 0 -5 -5.08 -5.17 -1.04 -1.49

11 -1 -1  -6.08 -1.17 -1.24 -0.34
12 -3 -4 -8.08 -4.17 -1.65 -1.20
Mean 5.08 0.17 0 0 0 0
SS 262.92 131.67 11 11

\\Var 23.90 1197 23.90 11.97 1 1 /
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ﬁhe mean of thgth variable is given by: \
i Xy
uj - n )

whereX;; is theith observation of thgth variable and
Is the number of observations.

The mean-correctefth variable is denoted k. That
IS, Xij = Xij — Hj.
The variance of thgth variable is given by:
o _ 2% _SS

W n—1 — df’
where SS is theum of squaredeviations from the
mean and df is the degree of freedom.

The linear relationship, or association, between the twp
financial ratios can be measured by the covariation
between two variables. Covariance, a measure of the
covariation between two variabl@sandXy, is given by:
_ SiL1XijXk _ SCP

n—1 df ’
where SCP is th&um of the cross produdfSCP). That
IS, the Covariation, is simply the average cross product
\ietween two variables for each degree of freedomj

S|
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ﬁhe SS and SCP are usually summarized suia of \
squares and cross produdtSSCP) matrix, while the
variance and covariances are usually summarizes in a
covariances matrix.

The SSCP andS of the two financial ratios are given by:

26292 13638
13638 13167

and
2390 1240

1240 1197
Note that the matrices are symmetric. Recall that:

e The variance of a given variable is a measure of its
variation in the data. The variances of variables can only
be compared if the variables are measured using the
same units.

e The Covariance between two variables is a measure af
covariation between them. The absolute value of the
lower bound covariance is zero implying that the two
variables are not linearly associated. However it has np
upper bound and this makes it difficult to compare the
association between two variables across data sets.
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/ Standardization \

Standardized data are obtained by dividing the
mean-corrected data by the respective standard
deviation (square root of variance). The variances of the
standardized variables are always 1. The covariation of
standardize variables are always lie betwednand 1.
The value will be:

e 0 (zero) if there is no linear association between the
two variables;

e —1 (minus one) if there is perfect inverse linear
relationship between the two variables; and

e +1 (plusone) if there is a perfect direct linear
relationship between the two variables.

The covariance of two standardize variables is called the
correlation coefficient. Therefore, the correlation matri
(R) is the covariance matrix for standardized data. In the
example the correlation matrix is:

1.00 0733
0.733 100

o /
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/ Matrices \

A M ATRIX is a two dimensional array of elements. An
m x n (m by n) matrix hasm rows anadn columns. Itis
said to have dimensiom x n.

U)

Matrix names are usually represented by capital letter:
and their elements by lower case. Anx n matrix A
containing the real elemends is denoted by

A= [a;j] € O™" and has the general form:

(6111 alp - Ay - aln\
a1 A2 - Aj -+ a2n
A : : : : |
d1 a2 -+ & -+ an | < Ithrow
\am1 am2 -+ Amj - amn)

The subscripts of an elemeat indicates that the
element is located at the interception of roand
columnj, where 1<i <mand 1< | <n.

A matrix with one row or one column are called row
vectors or column vectors, respectively. A row vedRor
havingn real elements is denoted R 0" and has

\t\he general fornR=(ry ... rp). /
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ﬁcolumn vectoiC havingmreal elements is denotem
C € O™ and has the general form

(Cl\

\Cm)
Generally & melements real vector will be assumed tp
be a column vector and denoted®@y O™,

SPECIAL TYPES OF MATRICES

e A SQUARE MATRIX IS a matrix that has the same
number of rows and columns. That is, @ N matrix is
square ifm=n. E.g.

- 000
12 0000
A:<3 4>’ B‘(fé%) and C=193 9 0 0
0000

The variance-covariance and correlation matrices are

\iquare. /
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ﬁn IDENTITY (OR UNIT) MATRIX IS a square matrix%
which elements along the primary diagonal all equal tq
1 and all other elements equal to zero. Brx m matrix
Is denoted byn. E.g.

1 00
(L0 4, _[0100
2=10 1 4=1o0 0o 1 o]

000 1

e TRANSPOSED OF A MATRIX

Given the matrixA = [g;] € ™" the matrixB is the
transpose oA iff B = [bjj] € O™ ™ andbj = &;. The
transpose of a matrif is denoted byA'. E.g.

1 4
T (1 2 3
A= <2 5> — A <4 5 6)
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o/AmatrixAis sYMMETRIC iff A=AT. E.g. \

L 1 2 L T L L T
A_<2 3>_A and A=I1L=A".

The variance-covariance and correlation matrices are
symmetric.

2.7 64 —-3.2 1.0 0.7 —0.6
S=1 64 52 11 and R=1[ 0.7 10 02 |.
—3.2 11 31 —06 02 10

e Upper and lowerRIANGULAR MATRICES. A matrix
A= [aj] € O™"is upper triangular iff/i > j, &; = 0.
A matrix B = [g;] € ™" is lower triangular iff
Vi—j <m-n, bjj =0. E.g. the matriced andL below
are, respectively, upper and lower triangular:

(1-2 0

0 3 6 1 0

u=|0 0 -1| and L—<2 38).
0 0 0 122

\0 0 0

o /
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/ Matrix operations \

e Two matrices can be added or subtracted iff they have
the same dimension. K= [a;] € O™,
B=[bjj] e O™"andC =[¢;;] € ™", thenC=A+B
implies thatci; = & + bjj. That is, the elements of the
matrixC are found by adding the corresponding
elements of the matricesandB. Similarly if
C=A-B, thencj; =agj —Dbjj fori=1,...,mand
j=1,....n E.Q.

GIG9-G359-(5 D)
(2)-(%) (1))

e A scalar is a real number. The multiplication of a scalar
by a matrix is equivalent into multiplying each element
of the matrix by the scalar. E.qg.

1 4
If k=2 andA = (2 5) . then
3 6

1xk 4xKk 2 8
kA= | 2xk Bbxk]|=14 10].
K 3xk 6xK 6 12 /
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GheINNER PRODUCTIS an operation between a row an
a column vector (in this order) which contain the same
number of elements. The inner product is computed by
multiplying corresponding elements in the two vectors
and algebraically summing. L&= [rj] € 0" and

C = [¢] € O™, The inner product betwedRandC is
denoted byRC, and is defined as:

C1
C2
RC= (r1 > ... rn)

Cn
n
=1r1C1+12C2+ - IhCph = erici-
=
Example.
R=(1 2 3 and C'=(4 5 6).

3
RC= ZriCi =4+104+18=32
=

3 3
c'c= Z\CiCi - Z\CIZ — 4+ 5% 4+ 6°=T77
= =

VCTC = V77.
N /
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4 N

e MATRIX MULTIPLICATION . GivenA ¢ 0™M*Na gnd
B € 0™ M the matrix producfAB is defined iff
Ng = My. Thatis, if the number of columns of the matri
A equals the number of rows of matii If C = AB,
then the matrixC hasmy x np dimension.

For example ifA € 0°*3 andB e 0319, thenC = AB
is a 5x 10 matrix, i.e.C € 0°*10,

The dimension of the matri€ derived from:

7 N

(5x3) (3x10) — (5x10).

Let Ac O™ The dimension oATAis n x n.

(nxm) (mxn)— (nxn).

Let Ac [0°%3, B e 1310 andC € 019%20, The
dimension oD = ABCis 5x 20, i.e.D ¢ [1°%20,

(5x3) (3x10) (10x20)— (5x 20).

o /
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/Computation \

Let A= [qg;] € O™, B= [bj] € O™*andC = AB,
whereC = [¢;;] € 0™k, The element;j is defined to be
the inner product of rowin matrix A and columnj in
matrixB. Thatis, fori=1,.... mandj =1,... Kk, the

Cij Is computed by: by
j
sz n
Cj= (a1 a2 ... an)| . |= Z ipbp;.
. p=1
bnj
Example
12
Let A= (3 4),8_ (100 _31> and C=ABe O03%2,
56

C11 C12 10 5
C=[Cy C2 | = 30 9.
C31 Cz32 50 13

e = (12 1()0) ~10 cp=(12) (‘1) _5
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/ Partitioned matrices \

A partitioned matrix contains sub-matrices as elements.
The sub-matrices are obtained by partitions of the rows
and columns of the original matrix.

E.g. consider the partitioning & B ¢ ™" as:

N1 NN Ny NN

A1 ... AN M Bi1 ... Bin M
A= ; ; andB= ; ; ,

Avt ... Aun/ ™ Bvi ... Bun/ ™
wheren= SN njandm=sM, m.

The addition and multiplication of matrices apply
directly to the partitioned matricgsovided the
sub-matrices are of the appropriate dimensié&ng. for
the additionA+ B:

Ai1+Bi1 ... Ain+Bun
A+B= ; ;
Avi+Bmi ... Aun-+Bun

o /
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éxample \

12
Let A= <1 0
11|

and

C— AR— (A1 Au2) (Bu A11B11+A12B21\ _ (Cia
A1 Aoz ) \Bo1 )~ \ Ao1B1i+AxoBo1 )~ \Cot

C11=A11B11+A12Bo1 = i (2)) (0 _1) ( )( )
() EY-(E7)
Co1=A21B11+A2B21 = (1 1) < ) (2 -1 (g g}

=(3 —2).

/
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/ Rank of a matrix \

e The set{ay,...,a,} is said to be linearly independent if
Nno g; can be expressed as a linear combination of the
others. This is equivalent to saying that there is no
non-null vectorc = (cy, ... ,Cn)T such thats! ; cig = 0.
If {a1,...,a4} are not linear independent, then they are
said to be linear dependent.

e The number of independent columns of a makiis
equal to the number of independent rows. The number
of linearly independent columns of a matrix is called
column rank hereafterank. It will be denoted by
rank(A).

e The square matriA € ™" is said to be non-singular if
the rankA) = n. Otherwise it is callegingular.
e Properties
1.rankA) = rankAT).
2.rankA) = rank/ATA) = rank(AAT).

3. The rank ofA is unchanged by pre- or
postmultiplication ofA by a non-singular matrix.

o /
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éxamples

\\ 20.008 41992 60000 84000

e rank(lp) = n.
12
oA=1201 — rankA) =
310
120
241
oeB= 360 — rankB) =
4 8 2
1 2001
2 3999 1
oC = 3 6 0 —  rankC) =3
4 8 2
5 2
13 5 4
e BA= 15 6 6 —  rank(BA) =2
26 10 8
30.000 59999 1000
oC'C 59.999 119996 19999| — rank(CTC) = 3.
10.000 19999 K000
5.004 10002 15006 2000
oCCT— 10.002 20992 29994 41992
—| 15.006 29994 45000 60000

—rank(CC" )=

N

/
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/ Trace of a matrix \

For a square matriA = [g;j] € ™" the sum of its
diagonal elements is called its trace, i.e.

tracdA) = _ian.

Properties
o tracdA) = tracgAT).
e tracd AB) = tracé BA).
e tracd ABC) = tracd BCA) = tracd CAB).
o trac§ A+ B) = tracg B+ A) = tracdA) + traceB).
. trace(zﬁ‘zlAi) — yK  tracdA).
e tracdK A) = K traceA).

Examples

56 12 6 8
LetA=|3 2 2|, B=(201)andA+B=[5 2 3].
101 310 411

1 9.

tracdA) =8, tracéB)=1 and tracéA+B)=

What is the trace of the variance-covariance and
correlation matrix?
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/ 38 17 6 11 10 11 \

eAB= |13 8 2| BA=|11 12 15].
4 3 0 18 20 2

e Given the vectok, then tracéxx’ ) = tracex' x) = x' x.

e Consider the non-singular mati@andz = Qx, where
Q'Q=1. Then

tracdzZ ) = tracd QxX' Q") = tracd Q" Qxx")

— tracg I xx" ) = tracgx' x) = x' x.
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/ Matrix properties \

e For any two matricesg andB, it CANNOT be stated that
AB=BA E.qg.

1 2 0 1
Let A= (3 4) and B:(lo _1).

20 -1 3 4
AB = (40 _1> and BA= (7 16) :
e If Ais anmx n matrix, thenl,A=Alh=A. E.Q.

HHIGHR ]

o (AB)T =BTAT.|From the latter it follows that:

(ABO)" = ((AB)IC)" =CT(AB)T =C'BTAT

and
(ABCD)" =D'C'BTAT.
Generally:

<A1A2"'An)T :AE...AEAI_

\oig. tracéAB) =tracg BA) =109. /
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/ Deter minants \

The determinant is a scalar and derives from the
elements of a square matrix. The determinant of the
matrix A is denoted byA|.

The determinant of a & 1 matrix is the value of the
single element in the matrix. E.g. A= (—3), then
Al = -3.

The determinant oA = [g;;] € 0%*? is given by:

|A| = aj1802 — az1a12.

Examples

e A= (g g) Al=2x5-3x4=—2.
.A:@ i) Al=1x4—2x2=0.
oA:<_01 g) Al=—1x3+0x6=-3

o /
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/

In order to find the cofactor of the square matix
denoted byA., perform the following three steps:

Cofactors

1. Cross off rowi and columnj of A.
2. Find the determinant of remaining matrix, sy

3. Compute the element 8¢ at position(i, j) by

N

dij (=1)"*).
3 1
Example LetA=| -1 2 4.
3 -2 1
diy = _22 ;I_-:lo; dio = _31 ;‘:‘__13; di3 = —31 _22
d21: _12 i = 5; d22: g i' = —3; d23: g _12
W NI P LY
10 13 -4
Thus, Ac=(-5 -3 9 .
0O -14 7
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/ Computing the deter minant of matrix \

1. Select any row or column of the matrix;

2. Multiply each element in the row (column) by its
corresponding cofactors and sum these products.

Example
3 1 10 13 -4
LetA=|-1 2 4|andA.=(-5 -3 9 ].
3 -2 1 O -14 7

Selecting row 1:

Al =3x10+1x13+2x(—4) =35
Selecting column 2:
Al =1x13+2x (—3)—2x(—14) = 35.
If only the determinant is required, then compute only
the cofactors in the selected row or column. Always

select the row or column which simplify your
calculations. That is, the row or column with more

\ieI'OES Oor ones. /
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éxample \

Compute the determinants of the triangular matrices:

3211 30 0
0602 02 0 0

U=1lp022] ad L={109_10
0001 65 2 4

6 0 211
detfU)=3xdet{0 2 2| +0xdet|0 2 2
001 001
211 211
+0xdet|602])+0xdet{6 0 2
001 022
2

=3 X (6><det((2) i) +O><det(8 1>

=3x6x(2x1-0x2)
= 36

The determinant of a triangular matrix is given by the
product of its diagonal elements

\i€(L)z3><2><(—1)><4:—24. /
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/ Properties of the deter minant \

1. If all elements of any row or column @&fequal
zero, thenA| =0.

2. If any row (column) is a multiple of another row
(column) ofA, then|A| = 0.

det(é g) =2x9—-3x6=0.

3. If any two rows or column oA are interchanged,
then the sign of the determinant changes.

2 3 16
det(l 6) = 9. det(2 3) = —9.

4. If arow, or column, oA is multiplied by the scalar
K, then the determinant of the modified matrix is
given byk |A|.

5. If any multiple of one row (column) is added to
another row (column), the value of the determinant
IS unchanged.

2 3 2 11
det(1 6) = 9. det(1 10) = 9.

o /
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/ | nver se of a matrix \

The relationship between a square magiand its
inverse, denoted b&~! (inverse ofA), is that:

AT A=AATT =1
Note that
e The matrixA must be square.
e The dimensions of andA~! are the same.

e Only non-singular matrices have an inverse.

Computing the inverse of a a matrix

There are many methods to compute the inverse of a
matrix. Consider the use of the cofactor method:

1. Compute the cofactdk from A.
2. Compute thédjoint matrix A by A; = Al.

3. For|A| # 0, the inverse oA is given by:

\_

Al= A
Al

/
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éxamples \

oeletA= (% _11), where

detfA)=2x(—-1)—-1x3=-5.

TheA; = (:% _23> and Aj=Al = (:% _21>.

L1 1,1 -1
1 __ .

Note thatA— 1A= AA 1 =I..

3 1 2
eletA=| -1 2 4].

3 -21
10 13 —4
Now, |A| =35, A.=(-5 -3 9 and the
0O -14 7

10 -5 O
Adjoint matrix is given byAj = Al = | 13 —3 —14 .

4 9 7

10 -5 0

Thus, A—lzi 13 -3 —14].
3d3\-4 9 7

Qote thatA—1A=AA1 =1, /
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/Gaussian reduction procedure. \

The Gaussian reduction procedure can be used to
compute the inverse of the matrix. Consider g m
matrix A. Construct the augmented mat(iX | I,y).
Apply the Gaussian elimination method to the whole
augmented matrix so thatis transformed tdy,. The
resulting matrix will give(lm | A™1).

The Gaussian elimination method transforfAg I, to
(Im | A1) by applying two basic operations:

1. Rows can be multiplied by a non zero constant; and

—

2. non zero multiples of one row can be added to
another row.
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/ Properties of theinverse \

e The inverse of a symmetric matrix is also symmetric.

27 64 —32 —0.08 013 —-0.13
letS=|( 6.4 52 11 |. s1=( 013 001 013 ].

-32 11 31 —0.13 013 015

e The inverse ofA' is the transpose g&~1. That is,

(AT)—l _ (A_l)T :A_T.

elLetAy,....A, € 0™ Then,

(AcAg--An) 1= (AL ATATY).
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Gc IS a non zero scalar, then

1

C

(cAt==-A"1

D = diag(1,10% 10%°,10!9).
D—1 =diag(1,107% 10°1°,10°16).

Computed by Octave (Matlab):

\Enk(D):4 and rankD—!) = 3.

—-10 2
and (cA~t=(3 0-1].

e The inverse of a diagonal matrix is a diagonal matrix
consisting of the reciprocals of the original elements.

E.Q.
s511 O 0
Sp2 0 1
bD=1. . . .|y b=
0 0 ... S

N

2 5 -4

D1 = diag(1,0.000100.000000.00000.

1l o .. 0\
S11

0 % ... 0
\0 0 L

/




E. J. Kontoghiorghes

EXN420/EXN430 31

e The inverse of a triangular matrix is also triangular\

Let
1 -2 0 1 0 0
U=1|0 3 6 and L=] 2 3 0
0 0 -1 1 2 2
Then,
3 2 12 6 0 O
u—l—l 01 6 and L_l—} 4 2 0
3 6
0 0 -3 7 -2 3
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/ System of equations \

Consider then x n system of equations having the form

11Xy FapXe +... dainXn =Db
Ax1X1 +apXo +... F+amXns =bo

aniX1 +apXe +... 4amXa = by
can be written in a matrix form as

a1 a2 ... a;m\ /X1 b1
do1 dp2 ... Adon X2 b2
: : : = I (1)
dhl adn2 ... ann Xn bn
or Ax=Db (2)

Assume that the equations are linear independent, that
IS, Ais not singular (it has no inverse). Premultiply both
sides of (2) byA~! it gives:

—

Alax=A"1 or x=A1b

sinceA 1Ax=I,x = x.

\lhus, the solution of (2) is given by x = A~ 1b|. /
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éxample \

Consider the system of equations:

X1 +X 4+X3 =2
2X1 —|—3X2 —|—4X3 =4
2X1 —Xo X3 =9

In matrix form the latter 3 3 system can be written as:

1 1 T X1 2

2 3 4 Xo | = 4

2 -1 1 X3 9
or AX=Db

Step 1 Compute the inverse &

1/7 -2 1
Al=-Z-6 -1 -2
°o\-8 3 1
Step 2 ComputeA—1b:

1(7 -2 1\ /2 3
Alp==(6 -1 —2|l4]=|-2].
°o\_8 3 1/ \9 1

The solution of the system of equations is given by
x=Atb=(3 -2 1T.Thatis,

\\ X1=3, Xo=-2 and xz3=1. /
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/ Orthogonal matrices \

A square matrixQ € ™M s orthogonal iff

Q'Q=QQ" =In.

Notice that the inverse @ is given byQ'.

Examples of orthogonal matrices:

001 cog0) sin(0)
Im. (‘f 2 8>v and (—sin(e) cog ))-

Property

e It preserves the norm (inner product) of a vector. That
is, If z= QxandQ is orthogonal, thea' z= x" x.

Notez'z= (QX)T(Qx) =x'Q"Qx=x"Ix =xx.

X = (_31) and Q= (—8.'8566 Y8e")-

Z= Qx= (2:366 and x'x=10=2"z
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/ Cholesky Decomposition \

The Cholesky decomposition of a symmetric positive
definiten x n matrix A, is given by

A=LL"

whereL € O™" is lower triangular and non-singular. E.g.

A11 A2 Ag3 L1 O O L1z Lo1 L3z
Ao App Apz|=|(La1 L2 O 0 Ly L32j].

A1z Az Asz L31 L3z La3 O O Las3
5 2 3

let A=|2 10 1
3 1 2

The Cholesky Decomposition éf= LL is given by:

2.24 0 0 224 089 134
0.89 303 0 0 303 -0.07

\\ 1.34 —-0.07 044 0 0 044 /
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/Solve the matrix problemx= b, whereA s symmetrix
and has Cholesky decompositifn= LL".

Notice thatL(LTx) = b is equivalent td_z = b, where
L"x =z That is, the solution oAx= b comes in three
steps:

1. Compute the Cholesky decompositiéa= LL.
2. Solve the lower-triangular systdm = b for z

3. Solve the upper-triangular systérhx = zfor x.

Example:

5 2 7
SolveAx = b, whereA = (2 10 i) andb = <16>.

312 S

224 0 0
1. A=LLT whereL={089 303 O
1.34 —0.07 044

3.13
2. SolvelL.z= b which givesz= | 6.19
0.88

1
3. SolvelL"x = zwhich givesx = (—2).

N 2 /
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éxample \

Consider the two financial ratios:
Xy 13 10 10 8 7 6 54 2 0 -1 -3

X4 6 2 24 -302-1-5-1-4
which have a variance-covariance matrix given by:

o_ (2390 1240
~\1240 1197)

Thus, ifX = (X1 Xp),thenVa(X) =S

Find the variance-covariance matrix)f.— ", wherelL
IS the Cholesky factor oX. l.e.

(489 0 1 (020 0O
L_(2.51 238) and L —(—0.22 0.42)

Now, XL~ T gives:

X127 2020161412 10 08 04 0 -0.2-0
X2 -110413 26 0.2 -25 -1.1 -0.0 -0.8 -2.1 -0.2 -1|

Its variance-covariance matrix is given by:

10 00
ST = (o.o 1.0)'

o O

Note that
Var(XL™ ") =L var(X)L™T =L1sLT

K — L ILLTL T = 1. /
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/ The Eigenvalue problem \

Let A be a square matrix of ordarx n, x # 0 is an
n-element column vector andis a scalar. The
EIGENVALUE PROBLEM s the solution of:

AX = AX.

The solution come in pairs: to eaalcorresponds ax
vector. The\'s are known as eigenvalues (or latent, or
characteristic roots) and thx&s as eigenvectors (or
latent, or, characteristic vectors).

In matrix format the Eigenvalue problem can be written
as:

In order forx # O it implies that

The latter is known as the characteristic equatiorndor
It gives a polynomial equation in the unknown /
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éxample \

1 O 1—-A 0)
Let A= so thatA— Al =
1 3 1 3—A

Now, |A—Al2| =(1—A)(3—A).
Thus,A1 = 1 andA, = 3 are the eigenvalues &

For the eigenvalug; = 1 we haveAx = A1X:

X2 X2 X1 = —2X2.

Thus, an eigenvector & corresponding to the
eigenvalue\; = 1is given byx= (-2 1)T.
Normalizingx, i.e. dividing each of its entries by x' x,
It gives the eigenvector

1 [ -2

V5 \ 1

An eigenvector associated with the eigenvalua-of 3

is givenby(0 1)T. /
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/ Properties of eigenvalues and eigenvectors \

Given anm x m SYMMETRIC matrix, e.g. the

52 3
variance-covariance matri = (% 110 %)

e The eigenvalues are real.

The eigenvalue of\ are given by:
A =014, A» =570 and )\3 —11.16.

e Eigenvectors corresponding to distinct eigenvalues are
pairwise orthogondl l.e. if x; andx, are the
eigenvectors corresponding to the eigenvaliyeandA,
(A1 # A2), theanxz =0.

\J

The eigenvectors Ak are given by the columns of
X = (X1,X2,X3), Where
—0.532 Q747 Q400
X =1 0.022 —0.459 Q888
0.847 Q481 0228
and
XTX =XXT =13.
ANotice thatAx; = A1X1, and after premultiplication byg it gives
X) Axg = A1xd x1. Similarly, x] Ax = Aox] 2. Sincex) Axg = x] Ax; it

Qlows thatA1xJ X3 = A2X] X2 and thusx{ x; = 0. /
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o/The orthogonal matrix of eigenvectors diagonal'i’zés\
That is,

XTAX = A,
whereA = diagA1,...,Am) andX = (X1...Xm).

014 0 O
XTax=( 0 570 0 |=A
0 0 1116

e The matrixA is singular if one of its eigenvalues is zero.
e The rank ofA is equal to the number of non-zero
eigenvalues.

o A2 = AA= XA?XT and generallA" = XA"XT.

38 33 2 002 O 0
A2—=33105 18 and A?=| 0 3251 O |.
23 18 1 0 0 12447

o A1 = XA7IXT since(XAXT)~1 = XA-1XT.

1/19 -1 -28 707 0 O
Al=Z-( -1 1 1 |andA1=| 0 018 0 ||
9\_-28 1 46 0O O 009

bThe Eigenvalue problem in matrix form is equivalentd = XA.
Premultiplying byXT it gives XT AX = XT XA which is equivalent to

\iTAX:/\sinceXTX = I /
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o/LetA — A Y2712 Then A~1/2 = X A~1/2XT, \

e If Ais triangular then its diagonal elements are also its
eigenvalues.

1-20
Eg.If U=(0 3 6 |, then
0O 0 -1

M=1 ,A=3 ,A3=-1.
e If Ais orthogonal then its eigenvalues are either +-ar

e If B is non-singular, theBAB~! andA have the same
eigenvalues.
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/

e The eigenvalues of thex n symmetric matrixAT A are
given byAq,...,An (in descreasing order).

e The ratiok(A) = v/A1/v/Ay is called the condition
number ofA.

Conditioning of ATA \

Example
—6 —12 8
2 12 -11 3171 O 0
A=|-6 —-17 10 |, \F/\< 0 1980 O )
19 3 6 0 0 1699
~9 6 15

The Condition number oA is given by

VA1/v/A3=3177/16.99= 1.87.

Consider the matrices:
2
3

120 1 201 0 121 0 11 0

1 2 399 1 239 1 2 41

Ao = ol:M=13 6 o[ =(3 6 0| =|3 90
2 4 8 2 4 8 2 4 16 2

Cond@p)=8.82e+16, Cond{;)=2124.5,
\iond(é\z):213.02, Cond#3)=17.77, and Concﬂ,{):y

HOWON
oA~




