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/ Regression \
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/ The General Linear Model (GLM) \

Consider the regression:
Yi = BaXiz + BaXiz + - - + BnXin + &,

A basic assumption of the standard linear regression is
that Hegj) =0,

Var(gj) = E(e?) =0® and Covgj,gj) = E(gigj) = 0.

This is described as the assumptiorspherical
disturbanceslit implies that disturbance variances is
constant at each observations point and that the
disturbance covariances at all possible pairs of
observation points are zero.

We intend to consider some important cases where there
are no spherical disturbances and develop estimation
procedures for such models. That is,

E(g)=0 and Covs,gj) = E(gig)) = 0°w;j.

In this case the regression model is called the General
Linear Model (GLM) and is the parent model of

\Sonometrics. /
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/ Matrix form of the GLM \

In matrix form the GLM can be written as

Y1 X11  X12  c+ Xin B1 €1
Y2 Xp1 X22 -+ Xon B2 €2
i = . . i . . + . ,
Ym Xmi Xm2 - Xmn Bn €m
or

y=XB+¢&, £~ N(0,0°Q).
That is,

E(e)=0 and Vafe)=E(ee") = 0°Q.

The symmetric and non-singular matfxis given by:

W1 W2 ... Wim

1 W2 ... O¥m
Q = . . .

Wni Wm2 ... Wnm
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/ Ordinary Least-Squares (OL S) Estimation \

The OLS (ordinary least squares) estimator of the GLM
ignores that the disturbances are correlated. That is, it
assumes) = Iy, orwjj =l andwij =0(, ] =1,...,m).

Thus, the OLS estimator of the GLM is given (as
before) by:

Bo= (X"X) IXTy =B+ (X"X)XTe.
This implies that

e E(3o) = B3, I.e. thef3, is unbiased estimator.

o Var(Bo) = a?(XTX)"IXTQX(XTX) 1.

Recall that in the standard regression the variance of the
OLS estimator is given by:

Var(B) = o3(XTX) L.

This indicates that the analyses made based on the

AN

\fr(ﬁ) do not hold for the General Linear Model. /
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( side O

Note that

Bo—E(Bo) =Bo—B=(X"X)"'X"e.

Thus, the variance @, is given by:

Var({o) = E( (Bo — E(Bo)) (Bo— E(B))")
— E((XTX)‘leeeTX(XTX)_l)
= (XTX) " IXTE(eeN)X(XTX) ™}
— (XTX) " IXTa2QX(XTX) ™2
= g?(XTX)IXTQX(XTX)™2.




E. J. Kontoghiorghes EXN420/EXN430 6

/ Generalized Least-Squares (GL S) Estimation \

SinceQ is symmetric then it can be decomposed as

Q=LL".

Premultiplying the GLM byL~1 it gives:
L ly=L"1Xp+L e,
or the transformed model:
Vi = XiB+Ex,

where y,=L"1y, X,=L1X and & =L"le.
Now, E(e,)=E(L !e)=L"1E(e)=0.

Similarly,
Var(e,) = Var(L™te) = L tvar(e)(L™H)T
_ L 1g2Q(L )T
— oL LT HT
—o?(L7 )L t)T

o /
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e This implies that the transformed GLM model has\
become a standard regression model:

y*:X*B+£*, S*NN(O,GZIm)

e That is, the Ordinary Least-Squares (OLS) can be used
In the transformed model.

e This estimator is th&eneralized Least-Squar€SLS)
estimator of the original model and will be denoted by

Be.
e The GLS estimator and its variance matrix are given by:
Bo = (X/ X)Xy, and VafBs) = 0*(X/X.)™".
e Equivalentlyfs and Valf3g) are given by:
Be = (X'Q X)) IxTQty.

and
Var(Bg) = o%(XTQ " 1x)™1.

e The GLS estimatofg is the best linear unbiased
estimator (BLUE), i.e. the V&Bg) is smaller than

\f“ Bo)- /
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( side O

Note thatX, = L 1X andQ~! = (L~ 1)TL~L.

Thus,
XIX, =XT(LHTL X =XT(LLT)"IX = XTQ1X
and
Xy, =XT(LHTL y=xT (L) ly=xTQ 1y
Therefore,
Bo = (X! X)Xy = (XTQ™IX)TIXTQ 7y
and

Var(fg) = o?(XI X,) 1= (XTQ 1x)1.
The residuals are given by:
e. =Y. —X.pe =L *(y—XBo).
Thus,
ele, = (y—XBs) (L1 L™ (y—XBo)

= (y—XBs)' Q Hy—XBo).

An unbiased estimator af is given by:

2_ Y=XBe)'QHy—XBg)
m—n—1 '

o /
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/ Weighted linear regression \

o If Q is diagonal, i.eQ = diag(wz, w5, ..., W2), or

2
Wy

Q= » ,
2
Wm

then the GLM is calledeighted Linear ModgWLM).

e This Implies that the WLM is given by:
y=XB+E¢,
where Eej) =0, Cougi,gj) =0wheni #j and
Var(g) = 02 = 0°W?.

olf Q=LLT, then L =diagwi,...,Wn).

1

1
wi Wy
e Q1= and L™1= |
1 1
Wr2n Wm
e The transformation of the WLM to a standard regression
\\model IS given by premultiplying the regression Ibylj
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e That is: \

L ly=L"iXp+L e

or

e This is equivalent to multiplying thegh observation of

the model by Tw;. l.e.
1 1 1 1 1
Wi)ﬁ = Blwixll‘F BZWiXIZ‘F Sl anixm + o

e The estimation of the WLM proceeds as in the case of
the GLM. That is, tha\Veighted Least-Squarestimator
IS given by:

Bw = (XIX.) X[y, and Va(Bw)=0*(XIX.) ™,
or equivalently
Bw = (XTQ X)) IXTQ 1ty

and
Var(Bw) = o4(XTQ71x)™1.
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/ A Sampling experiment \

e A sampling experiment was performed using the model:

|~4

y = XB+€=10.0x; + 0.4%> + 0.6x3 + €.

e Thee ~ N(0,0%Q), where

E(se’) = 0°Q
(1 p P P’
2 | 5 P ol
=T P P 1 e,
L ; ; ; . ;
\pT—l T2 pl-3 1)

with p = 0.9 ando? = 0.0625.

e This covariance matrig arises when we have a model
with first-order autoregressive disturbances. That is,

& =p&_1+W, (t=21....T)

and

\\E(ut):O, E(u’) =02 and Huus) =0 (t;és)J




E. J. Kontoghiorghes

EXN420/EXN430 12

e The 20x 3 matrix of explanatory variables used is:\

1

PR RRPRP

given by:

\_

( 0.239 —-0.027 —0.02

—0.027 Q017 Q010

)l

—0.029 Q010 Q019

0.693
1.733
0.693
1.733
0.693
2.340
1.733

1733
0.693

Q693
0693
1386
1386
1792
0693
1792

1386

1693/

e This provides sufficient information to calculate the trug
covariance matrices of the ordinary and generalized
least squares estimators:

o= (X"X)"IXTy and p®=(XTQX)xTqQ 1y
e The variance-covariance matricegRfandfg are

Spo = (X" X)IXTOQX(XTX) ™ Zge =0*(XTQ7X)

0.184 —-0.008 —0.011
—0.008 Q005 Q002

—0.011 Q002 0019/
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e The model was used to generate 500 sampleysceﬂch
having 20 elements. The table below pres@tsBs,
Var(B$) and VakB3) for 10 of these samples.

# Sample B BS  Var(By) Var(B3)
1 0.644 0.731 0.0114 0.0460
2 0.589 0.745 0.0146 0.0642
3 0.641 0.557 0.0092 0.0603
4 0.534 0.497 0.0124 0.0956
5 0.749 0.753 0.0036 0.0092
6 0.584 0.660 0.0061 0.0140
/ 0.329 0.293 0.0080 0.0268
8 0.685 0.646 0.0082 0.0531
9 0.634 0.707 0.0095 0.0264
10 0.382 0.450 0.0081 0.0139

e The range of33 is from 0.329 to 0749 and is more

variable than that oB§ which is from 0293 to 0753.

e The 8(33 Is better thar@3 in terms of repeated samples.
However, it is possible thda3 is closer to the true value
of 0.6. For example in the sample number 8.

\olhe averages over 500 samples [Eg& 63? = 0.596. /
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o/The estimates of V@B?) give us a reasonable indicaﬁn
of the true sampling variability iﬁg, but the same is
not true forf3s.

This is supported by the averages from the 500 samples
which are given by:

Var(B$) = 0.0085 and Var(B3) = 0.0389
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/ Summary: General Linear Model \

e Consider the General Linear Model:
y=XB+¢&, £~ N(0,0°Q).
e The ordinary and generalized least squares estimates|of

the GLM and their corresponding variance-covariances
matrices are given by:

Bo= (XTX)_leywith Var(3o) = GZ(XTX)—le QX(XTX)_l,
and

Bs = (XTQ X)) IXTQ tywith Var(Bg) = o*(XT Q" 1X) T
e Both 3, andf3g are unbiased estimators.

e The GLS estimatopg has smaller variance than the
OLS estimatoi,.

e Thus,3g Is the BLUE (best linear unbiased estimator)
of the GLM.

o /
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/ Multivariate M ultiple Regression \

e Multivariate multiple regression is a logical extension af
the multiple regression concept to allow for multiple
response (dependent) variables.

e Multivariate regression estimates the same coefficients
and standard errors as one would obtain using separate
OLS regressions.

¢ In addition, multivariate regression, being a joint
estimator, also estimates the between-equation
covariances. This means that it is possible to test
coefficient across equations.

e The multivariate linear regression model is the
relationship betwee® responsey;, ...,y and a single
set of variablexy, ..., Xn.

For examplexy, ..., X, are specific characteristics of
students (1Q, age, etc.) andis the grade of the student
In theith course.

In marketing research the variabbes. .., x, are various
characteristics of consumers (e.g. salary, education,
family status, etc.) and and, ...,y denote their

\ijing behavior in various products. /
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ﬁhe multivariate multiple linear regression model \
betweenG responseyy,...,Yg and a single set of
variablesxy, ..., X, can be written as:

Yig = Bg1Xt1 + BgaXe2 + - - - + BgnXtn + Etg,

wherei=1,...T andg=1,...,G. The number of
observation of each regressionlis

Thus, the multivariate model can be written as:

(Y2 - Yo) =X BBz Bc)+ (€1 &2 €G)
or
Y = XB+E.

It is assumed that
E(eti) =0 and Heigj) =055 for i,j=1,...,T.

That is, the disturbances are contemporaneously
correlated.

Y11 Y12 --- Y1G X11 X12 *+* Xin B11 P12 - Pic €11 €12 -
Y21 Y22 ... YoG Xp1 X22 +++ Xon B21B22 - Bog €21 €22
= . ) . ) ) . i ) +
YT1 Y12 ... YTG XT1XT2 - - XTn/ \PBn1Bn2 - Pnc €ET1ET2 -
or

o /

- €16
- €2G

" ETG
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ﬁ he model can also be written as \

Y1 X B1 €1
Y2 X B2 €2
: = _ : + :
Yo X/ \Bc £G

or in compact form

y = Xb+E€.

Note that the variance-covariance matrixa$ given by:

Ou1lt Ot ... Oggly

O21lt O2207 ... Oxly
Var(e) =2® It =

Ocilt Og2lt ... Ogalt

The GLS and OLS estimators of the multivariate lineatr
regression model are the same and given by:

b= (X"X)"IXTy
or in matrix form

B=(X"X)"IxTy

Thus,the ordinary Least-Squares estimator of the
\Qultivariate multiple regression model is the BLUE/
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/ Seemingly unrelated Regression (SUR) models \

The SUR model is a special case of the GLM and has
widely applicability in economics and finance. The SU
models frequently encountered in empirical work. It
comprises a set of regression equations and assumes
contemporaneous disturbances are correlated. The
regressions are linked statistically, even though not

of the disturbances.

The expression Seemingly Unrelated Regression is us
to reflect the fact that the individual equations are in
fact related to one another, even though superficially
they may not seem to be

Examples

e Empirical analysis in finance (cross-section);

e INnsSurance;

structurally, through the non-spherical covariance matr

R

that

ed

\-\Marketing; /
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/Specifically, the SUR model comprisi@regressiong
given by:

Vi=XiBi+¢&, i=1,...,G,
For theith equation we have
e Vi IS the responserelement vector;
e X; Is them x k; exogenous matrix;
e (3; is thek;-element vector of coefficients;
e & IS them-element vector of errors.
e E(gj)) = 0 and Heig! ) = 0?1,
If the tth element of; is denoted by, then

E(Stistj) = GOjj.

Thats isContemporaneous disturbances are correlateg

Consider the correlation of the error vectersinde;.
That is, Heie] ).

o /
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4 N
( (Sli\ \

2
T\

E(€|8j)—E _ (8lj €2j ... EGJ‘)
\ \eei) /
(81i81j €1i&€2j ... Sliemj\

€2i€1j €zi€2j ... E2i€mj
=E
\Smi€1j Emi€2j .-+ Emi€mj )
/Oij o .. O\

0 Gj
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ﬁhe SUR model \

Vi=XBi+¢&, 1=1....G,

can be written as a single model:

Y1 X1 B1 €1
2. Xo 32 €2
N . 3

YG Xc/ \Bc £G

or, in compact form
y=XB+E,

where

Y1 X1 B1 €1
y=1: [, X= ,B=| @ [ande=| :

YG XG Be £G
Note that:

e v is theGmelement vector of responses,
e X is the block-diagonal comprising all exogenous data,

e 3 is the collection of all coefficients, and

\.iis theGm-element of errors. /
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/Now, E(e) =0 and \

[ (&) \
€2
E(ee")=E]| | | (e{ e ... sg)
\ \ec/ )
( £16]  £1€) ... eleg\
€261 €285 ... €€l
=E
\sGeI ece) ... ecel )
(Glllm GlZIm GlGIm\
O'21|m O'22|m GZGlm
\O'Gllm og2lm ... GGGlm)
— b
where
(011 O12 01(3\
O21 022 O2
> — G
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ﬁhus, the SUR model can be written as: \
y=XB+eg, &€~ (0,(Z@Im)).

This is a special case of the GLM, whee= (Z® Ipy,).
In this case:

e Q l1=(ZRIn)t=E1®Im).

olf Z=LLT, then
(ZR1Im) = (LLT®I;m) = (L@ Im) (LT @ Iiy)

e Q=L (L t@Iny).

Consider the transformed SUR model:
Lt@Imy= (L @ ImXB+ (L @Ik,

or VY.=X.+¢&:, wherenow

Var(e,) = Var((L ™' ® Im)e)
= (L @lIm)Var(e)(L™T @1m)  since VatAg) = Avar(e)AT
= (L '@ Im)(E@1Im) (LT ®Iy)  since Vate) =@y
— (L72L T ®Im) since(A®B)(C®D) = (AC® BD)
= (L"IUL'L T ®Iy)  sincez =LLT
(
I

= (Ig®Im) sinceL 'L=lgandL"L™ " =g

N /
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ﬁhe OLS estimator of the transformed model and Q
variance matrix are given, respectively, by:

Be = (X! X.) Xy, and VafBg)=(X/X.) .

Thus, as in the case of the general linear mydke
generalized least squares estimatof «f given by:

B = (X" (T @Im)X) X (T @ Im)y.

The Variance ofig Is given by:

Var(Bg) = (X' (Z @ 1m)X) .

In most case is unknown and needs to be estimated py:

O11 ... 016G
o o o
> — 21 2G
OG1 O0GG

In this case thé&easible generalizes least squares
estimatorof the SUR model and its variance matrix are

given, respectively, by:

Be = (XT(E '@ 1mX) XT(Z @ Im)y.

and

Var(Be) = (X" (Z7 @ 1m)X) 2.

\\aNowQ:Z®Imand thusQ 1=3"1xl,. /
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/ Estimating > \

Two methods are used to estimateThe first method
Ignores the restrictions on the coefficients of the SUR
model. LetZ denote tham x k exogenous matrix
corresponding to all distinct regressors in the SUR
model, where& is the total number of these distinct
regressors. It derives the OLS estimates of

Vi =ZBi + €&, & ~ N(O,Gijiln).
This gives thaunrestrictedresidualsg = M,y;, where
M; = Im—2Z(Z"Z)Z". An unbiased estimator af; is
obtained by:

The second method constru&te’my applying the OLS to
each regression

Vi =XiBi+¢&, & ~ N(0,0jlm)

and obtains theestrictedresidualss = M;y;, where
Mi = Im— X (XTX)~IXT. In this case an unbiased
estimator ofoj; is given by:

\_

&'a _ v MMy

R i

Oij =
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Iterative feasible generalized least squares estimator

Consider the FGLS of the SUR model:

B = (XTE 1@ 1m)X) XTE @ lny. (1)

Suppose thaX = I so that the GLS and OLS are the
samé, i.e. ¥ = (XTX)~1XTy. Base on the residuals
of the OLS estimatok is estimated bﬁl). The
estimatorz(Y) of = can now be used to replazsn (1)
to provide another estimator 8¢ andz, sayB(Fl) and

AN

>(2), Repeating this process leads toltmative FGLS
(IFGLS) estimator of3.

In general, theoth IFGLS estimator of is given by:
B = (XT(EP) @ 1mX) X (EP) @ lm)y,

whereS(P) is the estimator of obtained by the residual
of B(P~1) with O = |.

VS

The iterative process continues until convergence, i.e.
until

s 5P+ gnd BF =Bl p+1)

\\bsince(f( 1 ®1m) = (I ®Im) = lom. /
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/Summaryfor deriving the IFGL S of SUR models\

Consider the SUR model:
y=XB+eE, (2)
where He) =0 and Hee') = S ® I,

The lterative feasible generalized least squares estrmato
% is derived as follows:

1. Derive the OLS estimator: B = (XTX)~1XTy.

2. Forp=1,2,...

(a) Calculate the residuals of the SUR model using

the estimatop® .

(b) Calculate the estimataxP) using the restricted
residuals.

(c) Derive the FGLS:

B = (XT((EP) L @lm)X) X (EP) @ Im)y

K (d) STOPif=(P) = 3(P-D andpP = g~ /




