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I'PA®IKH EITIAYXH I'TI
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Problem Description

RMC, Inc. is a firm that produces chemical-based products. In a particular process
three raw materials are used to produce two products. The material
requirements per ton are shown below:

Product Material 1 Material 2 Material 3
Fuel additive 2/5 0 3/5
Solvent base 1/2 1/5 3/10

Example: 1/2 ton material 1 is used in each ton of solvent base.

For the current production period RMC has available the following quantities of
each raw material. Because of spoilage, any materials not used for current

production must be discarded. Number of Tons Available

Material for Production
Material 1 20
Material 2 5
Material 3 21

If the contribution to profit is $40 for each ton of fuel additive and $30 for each ton
of solvent base, how many tons of each product should be produced in order to
maximize the total contribution to profit?
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The Objective Function:

Let
X; = the number of tons of fuel additive that RMC produces
X2 = the number of tons of solvent base that RMC produces

RMC’s total contribution to profit will come from two sources:
1. The contribution to profit from producing X, tons of fuel additive
2. The contribution to profit from producing X,tons of solvent base

Therefore,
Total contribution to profit = 40 X;+ 30X,

We say that RMC’s objective 1s to maximize the value of its objective function.
Using max as an abbreviation for maximize, the objective function is written as

follows:
max 40X1 +3OX2
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The Constraints:

Since there are limited amounts of the three raw materials available, we have three
constraints that limit the amount of fuel additive and solvent base that RMC can
produce.

Let us consider the constraint involving material 1.

Total tons of material 1 required is:
2 X, + L X
5% 2°
Since 20 tons of material 1 are available, the production combination we select

must satisfy the requirement:

Ex1+lx2£20
5 2

This expression is referred to as the material 1 constraint.
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The constraint for material 2 is:

1x2£5
5

The constraint for material 3 is:

§xljtix2 <21
5 10

Finally, since the decision variables cannot be negative, we add the nonnegative
constraints:

X, =20 and x,>0
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The mathematical statement or formulation of the RMC problem is now complete.
The mathematical model we developed can be written as follows:

max 40x, +30x,
subject to(s.t.)

%xl Jr%x2 <20 Materiall

% X, <5  Material 2

§x1 +3X2 <21 Material 3
5 ° 10

X, =20,Xx,=20
where

X, = the number of tons of fuel additive that RMC produces
X, = the number of tons of solvent base that RMC produces
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Ilepropispoi Mn Apvyrikotnrog -- The Non-negativity Constraints
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The Material 1 Constraint Line
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Feasible Region for the Material 3 Constraint
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Feasible Region (E@utn meproyn) for the RMC Problem
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$240 Profit for the RMC Problem
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Selected Profit Lines for the RMC Problem
X
2

Tons of Solvent Base

50

40

30

20

10

40
Tons of Fuel Additive

14



I'PA®IKH EITIAYXH I'TI
GRAPHICAL SOLUTION FOR LPs

The Optimal Solution to the RMC Problem
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AY2ZH I PAMMIKQN ITPOI'PAMMATON
SOLUTION OF LPs

® H péitiotn (aprotn) Avon YPOUULKOD
TPOYPOUUOTOS PPLOKETOL GE AKPALO GNUELD TNG
EPIKTNG TEPLOYNS TOV TPOPANUaTOC,
— An optimal solution to a linear programming problem

can be found at an extreme point of the feasible region
for the problem.
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Determining the optimal solution algebraically
The optimal solution is at the intersection of the material 1 constraint line and the
material 3 constraint line. Thus, the values of the decision variables must satisfy
the following equations simultaneoulsly:

— X, +—=X, =20

5t 277

3 X, + 3 X, =21
_ _ _ 5 ° 10 _
Solving for x, in the first equation we obtain:
2 1 5
gx1 = ZO—EX2 or X =5O—ZX2
Substituting this expression for x, into the second equation provides the following:
3 5 3 9
—(50-—=Xx,)+—X%x,=21 = —X, =9
50 %)t o % 20 °°
which we can solve to obtain X, =20 Thus, using X, =20 in the first equation and

solving for x, we obtain: X, = 50_% (20) =25

17
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Summary of optimal solution

Tons Required Tons Unused
Materials (X1=25,X,=20) Available Tons
Material 1 (2/5)(25)+(1/2)(20)=20 20 0
Material 2 0(25)+(1/5)(20)=4 5 1
Material 3 (3/5)(25)+(3/10)(20)=21 21 0

Thus, the complete solution tells management that the optimal solution will
require all available material 1 and material 3, but only 4 of the 5 tons of
material 2. The 1 ton of material 2 is referred to as slack.

N

XorapotnTo
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Standard Form (Tvmukn Mopen) Xahapég
Slack variables are added to represent the slack or idle capacity — Merapintég

After the addition of slack vaﬁbles, the mathematical model of the RMC problem

appears as follows:
max 40x, + 30X, +0s; +0s, +0s,

S.t.
2/5% +1/2x, +1s =20
1/5x, +1s, =5
3/5x, +3/10x, +1s, =21

X(sX5,5,S,,83 =0
Whenever a linear program is written with all the constraints expressed as
equalities, it is said to be written in standard form.
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Par, Inc., is a small manufacturer of golf equipment and supplies whose
management has decided to move into the market for medium- and high-priced
golf bags. Par’s distributor is enthusiastic about the new product line and has
agreed to buy all the golf bags Par produces over the next 3 months.

After a thorough investigation of the steps involved in manufacturing a golf
bag, management has determined that each golf bag produced will require the
following operations:

1. Cutting and dyeing the material

2. Sewing

3. Finishing (inserting umbrella holder, club separators, etc.)
4. Inspection and packaging.

The director of manufacturing has analyzed each of the operations and
concluded that if the company produces a medium-priced standard model, each
bag will require 7/10 hour in the cutting and dyeing department, 1/2 hour in the
sewing department, 1 hour in the finishing department, and 1/10 hour in the
Inspection and packaging department. The more expensive deluxe model will
require 1 hour for cutting and dyeing, 5/6 hour for sewing, 2/3 hour for finishing,
and 1/4 hour for inspection and packaging.

20
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This production information is summarized in the table below.

The accounting department has analysed these production figures, assigned
all relevant variable costs, and arrived at prices for both bags that will result in a
profit contribution! of $10 for every standard bag and $9 for every deluxe bag
produced.

In addition, after studying departmental work load projections, the director of
manufacturing estimates that 630 hours for cutting and dyeing, 600 hours for
sewing, 708 hours for finishing, and 135 hours for inspection and packaging will
be available for the production of golf bags during the next 3 months.

'From an accounting perspective, this is more correctly described as the contribution margin per bag:
for example, overhead and other shared costs have not been allocated.

Production Time (hours)

Product Cutting and Dyeing Sewing Finishing Inspection and Packaging

Standard bag 7/10 1/2 1 1/10
Deluxe bag 1 5/6 213 1/4
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max 10x, +9Xx,
subject to(s.t)
7/10 %, +1x, <630 Cuttingand dyeing
1/2x,+5/6x, <600  Sewing
1x, +2/3x, <708  Finishing
1/10x, +1/4x, <135  Inspectionand packaging
X, X, 20

X, = humber of standard bags Par, Inc., produces
X, = number of deluxe bags Par, Inc., produces

22



I'PA®IKH EITIAYXH I'TI
GRAPHICAL SOLUTION FOR LPs
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Evepyot ITepropiopoi - - Binding Constraints :

1) Cutting & Dyeing: %xl + X, <630

2) Finishing ; xl+§x2 <708

Alyefpun e€evpeomn Avong - - Finding the solution by solving the system
of equations::

EniAvon cvotuortoc

’ X, + X, =630
10 % 500 eElohoeV

2
x1+§x2 =708
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lxl+x2 :630:>lx1:630—x2
10 10

:>x1=900—§x2

Substituting x1:900—§x2 in x1+§x2 =708 gives

(900—$x2)+§x2 =708

900—@x2 +Ex2 =708
21 21

_16 X, =—192
21

X, = 192 =252
> o6/21) —

:»xlzgoo—g(zsz):io

32
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max 10x, +9x, +0s, +0s, +0s, +0s,

S.t.
7/10x, + 1x, +1s; =630
1/2x, +5/6%x,  +1s, =600
1%, +2/3X, +1s, =708
1/10x, +1/4 X, +1s, =135
X1y X5,51,S,,55,S, =20
Value
Constraint of Slack Variable
Cutting and dyeing 5:=0
Sewing $,=120
Finishing S3=0

Inspection and packaging s,=18
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The Par Inc., problem involved maximization; however, many linear programming
problems involve minimization. For example, consider the case of M&D
Chemicals. M&D Chemicals produces two products that are sold as raw materials
to companies manufacturing bath soaps and laundry detergents.

Based on an analysis of current inventory levels and potential demand for the
coming month, M&D’s management has specified that the combined production
for products 1 and 2 must total at least 350 gallons. Separately, a major customer’s
order for 125 gallons of product 1 must also be satisfied. Product 1 requires 2
hours of processing time per gallon while product 2 requires 1 hour of processing
time per gallon, and for the coming month, 600 hours of processing time are
available. M&D’s objective is to satisfy the above requirements at a minimum
total production cost. Production costs are $2 per gallon for product 1 and $3 per
gallon for product 2.

To find the minimum-cost production schedule, let us write the M&D
Chemicals problem as a linear program (LP). Following a procedure similar to
the one used for Par, Inc., we first define the decision variables and the
objective function for the problem.

34
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Let
X, = number of gallons of product 1 produced

X, = number of gallons of product 2 produced

min 2x, +3X,
S.t.
1x, >125 Demand for productl
1x, +1x, >350 Total production
2%, +1x, <600 Processing time
X, X, 20
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Min 2x, +3x, +0s; +0s, +0s,

S.1.

1X, —1s, =125

1x, +1X, —1s, =350

2%, +1X, +1s, =600

X(s X5,5,,55,,5, 20
Value of
Constraint Surplus or
Slack Variables
Demand for product 1 5;=125

Surplus Variables
Total production s,=0 Il govadovees Metafiintés

Processing time 53=0
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Min 2x, +2X,
S.t.

1x, +3%, <12

3X, +1x, 213

1x, —=1x, =3

X, X, 20

Thestandard - form representation of this problemis
Min 2x, +2x, +0s, +0s,

s.t.
1X, +3X, +1s =12
3%, +1X, —-1s, =13
1x, —1x, =3

X, X5,8,,S, 20
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EIAIKEX IIEPIIITQXEIX: AYXEQN
SPECIAL SOLUTION CASES

® EvoALOKTIKES APLoTES ADGELS, ATELPES ADGELS
— Alternative optimal solutions, Infinite solutions

® Mn g@ikT1) AVoN)
— Infeasibility

® Ag@payn Avon
— Unboundedness

40
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ALTERNATIVE SOLUTIONS

Z =10x, +9X, = Z =6.3X, +9X,

(change in profit contributions in earlier example)
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INFEASIBILITY
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INFEASIBILITY
Minimum Required Available Additional
Resources Resources Resources Needed
Operation (hours) (hours) (hours)
Cutting and dyeing (7/10)(500)+1(360)=710 630 80
Sewing (1/2)(500)+(5/6)(360)=550 600 None
Finishing 1(500)+(2/3)(360)=740 708 32

Inspection and packaging (1/10)(500)+(1/4)(360)=140 135 5
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AOPAT'H AYXZH
UNBOUNDEDNESS

max 20x, +10x,
s.t.
1x, > 2
1x, <5
X, X, 20

Objective function
Increases without limit

5 ~: : :
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ANAAYXZH EYAIXOHXIAX
SENSITIVITY ANALYSIS

® Ilog o aAlayr) 6€ GUVTELEGTY] TNGS UVTIKELUEVIKNG
ocvvaptnong ennpealel tn PEATioTn Avon;
— How will a change in a coefficient of the objective
function affect the optimal solution?

® Ilog o aiiayn oty TN TS 0EC10S TAELPAS
TEPLOPLONOV e Pealel TN PEATIOTN Adon;
— How will a change in the right-hand side for a
constraint affect the optimal solution?
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ANAAYZH EYAIZOHXIAX
SENSITIVITY ANALYSIS

The mathematical statement or formulation of the RM Cproblemis writtenas follows::

max 40x, + 30X,
s.t.

2 X, + 1 X, <20 Materiall
5 2

1 :

c X, <5 Material 2

3 X, +i X, <21 Material3
5° 10

X, X, 20
where
X, = the number of tonsof fuel additive that RM Cproduces
X, = the number of tonsof solvent base that RM Cproduces
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Sensitivity Analysis: Changes in Objective Function Coefficients

X, o
Objective
unction Line _
50 \ Line B
(Coincides With the
3 Material 3 Constraint Line
@ 40 s (X H(E110p=21)
=
2>
» 30 5
©
é 20 ® O Line A
B\ (Coincides With the
Feasible Material 1 Constraint Line
10 I Region \‘\\\\ /(2/5)X1+(1/2)X2:20)
© | @\ N T N
1

10 20 30 40 50
Tons of Fuel Additive 47
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SENSITIVITY ANALYSIS

Extreme point 3 will be optimalas long as
Slope of line B < Slope of objective function line < Slope of line A
Theequation for line Ain itsslope-intercept formis

%xzz—%xl+20

X, :—%x1+40

Theequation for line B in itsslope-intercept formis

3 __3
40x2 = £x1+21
X, ==2%X+70

Therefore, for extreme point 3 to be optimal we must have

—2 < Slope of theobjective function line < —%
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Theslope-intercept form for the objective function line is

C, Z
X, =——=X +—
C2 CZ
Thus, extreme point 3 will be optimalas long as
_2< _ & < — ﬂ Aproto Atdotnpo
C, S
Computing the Range of Optimalityfor the Fuel Additive Coefficient
— 2 S _& S _ﬂ
30 5
o G a4
30 30 5
120
—60<—c, orc, <60 —clg—?£—24or01224

24<c, <60
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ANAAYZH EYAIZOHXIAX
SENSITIVITY ANALYSIS

max 10x; +9x,
subject to (s.t)
7/10 x, +1x, <630 Cuttingand dyeing
1/2x, +5/6 x, <600 Sewing
1x, +2/3x, <708 Finishing
1/10 x, +1/4 x, <138 Inspectionand packaging
X, X, =20

Line B
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finishing constraint line
1x 1 +(2/3)%=708)
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400
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SENSITIVITY ANALYSIS

lx1+x2 =630= X, :—lx1+630
10 0
slope
x1+§x2 =708 = X, =—gx1+1062
f
slope
3 . : 7
—— <slopeof objective function < —-—
2 10
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ANAAYXZH EYAIXOHXIAX
SENSITIVITY ANALYSIS

Let us consider how a change in the right-hand side value of a constraint may
affect the feasible region. For example, consider what happens if an additional
3 tons of material 3 become available. Consider the new graphical solution shown
below. X,

Objective

Function
2 S
S a0 40x,+30X,
g:) 30 New Feasible Region
= Includes This Area
e :
= 20 Soluton
Original — x,=100/3
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| | |

\ |

X
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ANAAYZH EYAIZOHXIAX
SENSITIVITY ANALYSIS

The new optimal solution is
X, =100/3

X, =40/3
The new value for the objective function is

40(100/3) + 30(40/3) = 1733.33

Since the value of the optimal solution to the original problem is $1600, increasing
the right-hand side of the material 3 constraint by 3 tons provides an increase in
profit of

$1733.33 - 1600 = $133.33

Thus, the increase in profit occurs at a rate of

Avikn Ty Dual Price

$133.33/3 = $44.44 per ton
$44.44 is the dual price for the material 3 constraint
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ANAAYZH EYAIZOHXIAX
SENSITIVITY ANALYSIS

* New Feasible Region
Includes This Area

Optimal
Solution
(x,=527.50
0

x,=270.75)
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L Region
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1x1+x2 £6302>1x1+x2 <640
10 10

Z = 7668 Z=7711.75
(711.75—-7668 =43.75
43.75/10 = 4.375 — dual price 54
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I'PA®IKH EITIAYXH I'TI
GRAPHICAL SOLUTION FOR LPs

Solve the following linear program:
Max 5X, +5X,
s.t.
1X, <100
1x, <80
2%, +4X, <400
X, X, X, 20

x, =100 Optimalsolution
X, =100, X, =50

/ X, =80

Value of the Objective Function =750

\

X, +4x, =400

100 200
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The Erlanger Manufacturing Company makes two products. The profit
estimates are $25 for each unit of product 1 sold and $30 for each unit of
product 2 sold. The labor-hour requirements for the products in each of three
production departments are summarized below:

Department Product 1 Product 2
A 1.50 3.00
B 2.00 1.00
C 25 25

The production supervisors in the departments have estimated that the following
number of labor-hours will be available during the next month: 450 hours in
department A, 350 hours in department B, and 50 hours in department C.
Assuming that the company is interested in maximizing the total profit
contribution, answer the following:

a. What is the linear programming model for this problem?
b. Find the optimal solution. How much of each product should be produced
and what is the projected total profit contribution?

c. What is the scheduled production time and slack time in each department?
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a. Let x, =unitsof productl
X, = unitsof product 2
Max 25x, + 30X,
S.t.
1.5x, +3x, <450 Dept.A
2%, +1x, <350 Dept.B
25X, +.25%, <50 Dept.C
X, X, 20
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X2
300 [~ o
%f
R
200 < O,
“r O Optimal Solution
x, =100, x, =100
100 _ y Z =5500
/\ ~ Dept. 4
Xl
100 200 300
Department Capacity Usage Slack
Dept. A 450 450 0 hours
Dept. B 350 300 50 hours

Dept. C 50 50 0 hours
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Ryland Farms in northwestern Indiana grows soybeans and corn on its 500
acres of land. An acre of soybeans brings a $100 profit, and an acre of corn
brings a $200 profit. Because of a government program, no more than 200
acres may be planned in soybeans. During the planting season, 1200 hours of
planting time will be available. Each acre of soybeans requires 2 hours, while
each acre of corn requires 6 hours. How many acres of soybeans and how
many acres of corn should be planted to maximize profits?

a. What is the linear programming model for this problem?

b. Write the linear program standard form.

c. Find the optimal solution.

d. What are the values and interpretations of all slack and surplus variables?

e. If the farm could get either more hours of labor for planting or additional
land, which should it attempt to obtain? Why?

59



I'PA®IKH EITIAYXH I'TI
GRAPHICAL SOLUTION FOR LPs

a. Let x, =acres of soybean
X, = acres of corn
Max 100x, + 200x,
S.t.
X,+ X, <500 Land

X, <200 Soybean limit
2%, + 6Xx, <1200 Labor hours
X, X, 20
b.
Max 100x, +200x, +0s, +0s, +0s,
S.t.
X+ X +S =500
X, +5, =200
2%, + 06X, +s, =1200

X(, X5,5,,5,,53 =0
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C. X,

Objective Function

8@/

Acres of Corn
N

XX =500

@

Optimal Solution }/
X, =200, x, =133

Z = 46,666 3
2%, +6X%, =1200

200

Acres of Soybean

d s = 166% = unused land

s, = 0 =amount below the soybean limit of 200 acres
s, = 0 = unused planting time

X

e. Binding constraints : soybean limit and labor hours
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Car Phones, Inc., sells two models of car telephones: model x and model .
Records show that 3 hours of sales time are used for each model x phone that
Is sold and 5 hours of sales time for each model y phone. A total of 600 hours
of sales time is available for the next 4-week period. In addition, management
planning policies call for minimum sales goals of 25 units for both model x
and model y.

a. Show the feasible region for the Car Phones, Inc., problem.

b. Assuming the company makes a $40 profit contribution for each model x
sold and a $50 profit contribution for each model y sold, what is the optimal
sales goal for the company for the next 4-week period?

c. Develop a constraint and show the feasible region if management adds the
restriction that Car Phones must sell at least as many model y phones as
model x phones.

d. What is the new optimal solution if the constraint in part (c) is added to the
problem?
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Let x, = units of model X X,
X, = unitsof model Y

| /

/////////
o
i
s
v /7///77/////////////
o
v
i

Max 40x, +50x, 100
S.t.

7
[
///////////////////////////////// // o

,////////,' w////////// V/V/V////
o /////// //////' i
W
V/// ,///////////H//////////// ,////

/ ///m i
i
i ,/////////////,//V/

X, + 5%, <600 Sales time
X, >25 Model X
X, 225 ModelY
X, X, 20

b. OptimalSolution : x, =158 = 25, profit = 7583

31 %2
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— Xl
A
AR
SR
AR
AN
AN
SN
NN
N
SN
SN
A1

200

100

25

75, X, =75, profit=6750

X1:

d. OptimalSolution
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Greentree Kennels, Inc., provides overnight lodging for a variety of pets. A
particular feature of Greentree is the quality of care the pets receive, including

excellent food. The Kennel’s dog food is made by mixing two brand-name dog

food products to obtain what the kennel calls the “well-balanced dog diet”.
The data for the two dog foods are as follows:

Cost/
Dog Food Ounce Protein(%o) Fat(%0)
Bark Bits $.06 30 15
Canine Chow $.05 20 30

If Greentree wants to be sure that the dogs receive at least 5 ounces of protein
and at least 3 ounces of fat per day, what is the minimum cost mix of the two
dog food products?
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Let X, =ounces of Bark Bitsin feed mix
X, = ounces of Canine Chow in feed mix
The problem can be formulated and solved as follows :
Min .06x, +.05x,

S.t.
.30x, +.20%, > 5 Protein

/{//{////% Temzo

R

&

- (1525

Xl
5 10 15 20 25

Z =.06(15) +.05(5/ 2) =1.025 .
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Bryant’s Pizza, Inc., is a producer of frozen pizza products. The company makes a
profit of $1.00 for each regular pizza it produces and $1.50 for each deluxe
pizza produced. Each pizza includes a combination of dough mix and topping
miX. The firm currently has 150 kilos of dough mix and 50 kilos of topping
mix. Each regular pizza uses 1 kilo of dough mix and 1/4 kilo of topping mix.
Each deluxe pizza uses 1 kilo of sough mix and 1/2 kilo of topping mix. Based
on past demand, Bryant can sell at least 50 regular pizzas and at least 25
deluxe pizzas. How many regular and deluxe pizzas should the company make
to maximize profits?

a. What is the linear programming model for this problem?
b. Write the linear program in standard form.
c. Find the optimal solution.

d. What are the values and interpretations of all slack and surplus variables?
e. Which constraints are binding?
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Let X, = number of regular pizzas
X, = number of deluxe pizzas

Max 1x, +1.5x, +0s, +0s, +0s, +0s,

S.t.
1x, +1x, +1s, =150 Dough
Vix+¥x,  +ls, =50 Topping
1x, —1s, =50 Regular
1x, —1s, =25 Deluxe

X(, X5,5,,S5,55,S, =0

Max 1x, +1.5X,

S.t.
1x, +1x, <150 Dough

%Xﬁ%xz <50 Topping
1x, >50 Regular

1x, >25 Deluxe
X, X, 20
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X2
150 5 Regular Pizzas
%,
125 — ¢
100
75 _\ Optimal Solution
X, =100, x, =50
Z =$175
50
Deluxe Pizzas TOpp[bg

25 \
| I | X,

25 50 /5 100 125 150 175 200

d. s, =0 istheamount of dough not used

s, =0 is theamount of toppingnot used
s, =50 Is the number of regular pizzasover the minimum demand

s, = 25 iIs the number of deluxe pizzasover the minimum demand

e. Binding constraints : dough(s, = 0) and topping(s, = 0) constraints.
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Consider the linear program given below:

Max 5x, + 7X,
S.t.
2X + X, 23
— X, +9X, =24
2%, —3%, <6
3%, +2X, <35
%l X, + X, <10
X, X, =20
a. Solve this problem using the graphical solution procedure.
b. Compute the range of optimality for c;.
c. Compute the range of optimality for c,.
d. Suppose c, Is decreased to 2. What is the new optimal solution?

e. Suppose ¢, is increased to 10. What is the new optimal solution?
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a. X
Line B

12 — 3 +2%x,=35
10 6"’? | OptimalSolution

/ N T =T
S Line A

%x1+x2 =10
6 Feasible /
Region /éﬁr
40 7
2 42 |
1
0 2 4 6 8 10 12
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b. Slopeof Line B=-3/2
Slope of Line A =-3/7
-3/2<—-¢, /7T<-3/7
3/2>c¢,/7, ¢ /T7T>-3/7
c,<21/2, ¢,>3
Range : 3<¢, £10.5

C. —-3/2<-5/c, <-3/7
3/2>5/c,, 5/c,>3/7
¢, >10/3, c¢,<35/3
Range : 10/3<¢, <35/3
d. Thischange moves c, outsideits range of optimality. The new optimal
solutionis found at extreme point6. It is x, =0, X, =10. The value is 70.
e. Since thischange leaves c, in itsrange of optimality, the same solution, with
value of 105, is optimal.
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